
Evolutionary Dynami
s of Extremal OptimizationStefan Boett
her⋆Physi
s Department, Emory University, Atlanta, GA 30322; USAAbstra
t. Dynami
 features of the re
ently introdu
ed extremal opti-mization heuristi
 are analyzed. Numeri
al studies of this evolutionarysear
h heuristi
 show that it performs optimally at a transition betweena jammed and an di�usive state. Using a simple, annealed model, someof the key features of extremal optimization are explained. In parti
ular,it is veri�ed that the dynami
s of lo
al sear
h possesses a generi
 
riti-
al point under the variation of its sole parameter, separating phases oftoo greedy (non-ergodi
, jammed) and too random (ergodi
, di�usive)exploration. Analyti
 
omparison with other lo
al sear
h methods, su
has a �xed temperature Metropolis algorithm, within this model suggeststhat the existen
e of the 
riti
al point is the essential distin
tion leadingto the optimal performan
e of the extremal optimization heuristi
.1 Introdu
tionWe have introdu
ed a new heuristi
, Extremal Optimization (EO), in Refs. [1, 2℄and demonstrated its e�
ien
y on a variety of 
ombinatorial [3�6℄ and physi
aloptimization problems [2, 7, 8℄. Comparative studies with simulated annealing[1, 3, 9℄ and other Metropolis based heuristi
s [10�14℄ have established EO as asu

essful alternative for the study of NP-hard problems and its use has spreadthroughout the s
ien
es. EO has found a large number of appli
ations by otherresear
hers, e. g. for polymer 
on�rmation studies [15, 16℄, pattern re
ognition[17�19℄, signal �ltering [20, 21℄, transport problems [22℄, mole
ular dynami
s sim-ulations [23℄, arti�
ial intelligen
e [24�26℄, modeling of so
ial networks [27�29℄,and 3d−spin glasses [12, 30℄. Also, extensions [31�34℄ and rigorous performan
eguarantees [35, 36℄ have been established. Ref. [37℄ provides a thorough des
rip-tion of EO and 
omparisons with other heuristi
s addressed more at 
omputers
ientists.Here, we will apply EO to a spin glass model on a 3-regular random graphto elu
idate some of its dynami
 features as an evolutionary algorithm. Theseproperties prove quite generi
, leaving lo
al sear
h with EO virtually free oftunable parameters. We dis
uss the theoreti
al underpinning of its behavior,whi
h is reminis
ent of Kau�man's suggestion [38℄ that evolution progressesmost rapidly near the �edge of 
haos,� in this 
ase 
hara
terized by a 
riti
altransition between a di�usive and a jammed phase.
⋆ http://www.physi
s.emory.edu/fa
ulty/boett
her/



2 Spin Glass Ground States with Extremal OptimizationDisordered spin systems on sparse random graphs have been investigated asmean-�eld models of spin glasses or 
ombinatorial optimization problems [39℄,sin
e variables are long-range 
onne
ted yet have a small number of neighbors.Parti
ularly simple are α-regular random graphs, where ea
h vertex possesses a�xed number α of bonds to randomly sele
ted other verti
es. One 
an assign aspin variable xi ∈ {−1, +1} to ea
h vertex, and random 
ouplings Ji,j , eitherGaussian or ±1, to existing bonds between neighboring verti
es i and j, leadingto 
ompeting 
onstraints and �frustration� [40℄. We want to minimize the energyof the system, whi
h is the di�eren
e between violated bonds and satis�ed bonds,
H = −

∑

{bonds}

Ji,jxixj . (1)EO performs a lo
al sear
h [6℄ on an existing 
on�guration of n variables by
hanging preferentially those of poor lo
al arrangement. For example, in 
aseof the spin glass model in Eq. (1), λi = xi

∑

j Ji,jxj assesses the lo
al ��tness�of variable xi, where H = −∑

i λi represents the overall energy (or 
ost) to beminimized. EO simply ranks variables,
λΠ(1) ≤ λΠ(2) ≤ . . . ≤ λΠ(n), (2)where Π(k) = i is the index for the kth-ranked variable xi. Basi
 EO alwayssele
ts the (extremal) lowest rank, k = 1, for an update. Instead, τ -EO sele
tsthe kth-ranked variable a

ording to a s
ale-free probability distribution

P (k) ∝ k−τ . (3)The sele
ted variable is updated un
onditionally, and its �tness and that of itsneighboring variables are reevaluated. This update is repeated as long as desired,where the un
onditional update ensures signi�
ant �u
tuations with su�
ientin
entive to return to near-optimal solutions due to sele
tion against variableswith poor �tness, for the right 
hoi
e of τ . Clearly, for �nite τ , EO never �freezes�into a single 
on�guration; it is able to return an extensive list of the best of the
on�gurations visited (or simply their 
ost) instead [5℄.For τ = 0, this �τ -EO� algorithm is simply a random walk through 
on�g-uration spa
e. Conversely, for τ → ∞, the pro
ess approa
hes a deterministi
lo
al sear
h, only updating the lowest-ranked variable, and is likely to rea
h adead end. However, for �nite values of τ the 
hoi
e of a s
ale-free distributionfor P (k) in Eq. (3) ensures that no rank gets ex
luded from further evolution,while maintaining a 
lear bias against variables with bad �tness. As Se
. 3 willdemonstrate, �xing τ − 1 ∼ 1/ ln(n) provides a simple, parameter-free strategy,a
tivating avalan
hes of adaptation [1, 2℄.3 EO Dynami
sUnderstanding the Dynami
s of EO has proven a useful endeavor [10, 41℄. Su
hinsights have lead to the implementation of τ -EO des
ribed in Se
. 2. Treating τ -



EO as an evolutionary pro
ess allows us to elu
idate its 
apabilities and to makefurther re�nements. Using simulations, we have analyzed the dynami
 patternof the τ -EO heuristi
. As des
ribed in Se
. 2, we have implemented τ -EO forthe spin glass with Gaussian bonds on a set of instan
es of 3-regular graphs ofsizes n = 256, 512, and 1024, and run ea
h instan
e for Trun = 20n3 updatesteps. As a fun
tion of τ , we measured the ensemble average of the lowest-found energy density 〈e〉 = 〈H〉/n, the �rst-return time distribution R (∆t)of update a
tivity to any spe
i�
 spin, and auto-
orrelations C(t) between two
on�gurations separated by a time t in a single run. In Fig. 1, we show the plot of
〈e〉, whi
h 
on�rms the pi
ture found numeri
ally [2, 4℄ and theoreti
ally [41℄ for
τ−EO. The transition at τ = 1 we will investigate further below and theoreti
allyin Se
. 5. The worsening behavior for large τ has been shown theoreti
ally inRef. [41℄ to originate with the fa
t that in any �nite-time appli
ation, Trun < ∞,
τ−EO be
omes less likely to es
ape lo
al minima for in
reasing τ and n. The
ombination of the purely di�usive sear
h below τ = 1 and the �jammed� statefor large τ leads to the 
on
lusion that the optimal value is approximated by
τ−1 ∼ 1/ ln(n) for n → ∞, 
onsistent with Fig. 1 and experiments in Refs. [2, 4℄.In Fig. 2 we show the �rst-return probability for sele
t values of τ . It showsthat τ -EO is a fra
tal renewal pro
ess for all τ > 1, and for τ < 1 it is a Poissonpro
ess: when variables are drawn a

ording to their �rank� k with probability
P (k) in Eq. (2), one gets for the �rst-return time distribution

R(∆t) ∼ −P (k)3

P ′(k)
∼ ∆t

1

τ
−2. (4)Negle
ting 
orrelations between variables, the number of updates of a variable ofrank k is #(k) = TrunP (k). Then, the typi
al life-time is ∆t(k) ∼ Trun/#(k) =
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Fig. 1. Plot of the average lowest energy density found with τ−EO over a �xed testbedof 3-regular graph instan
es of size n for varying τ . For n→∞, the results are near-optimal only in a narrowing range of τ just above τ =1. Below τ =1 results dramati
allyworsen, hinting at the phase transition in the sear
h dynami
s obtained in Se
. 5.



1/P (k), whi
h viaR(∆t)d∆t = P (k)dk immediately gives Eq. (4). The numeri
alresults in Fig. 2 �t the predi
tion in Eq. (4) well. Note that the average life-time,and hen
e the memory preserved by ea
h variable, diverges for all τ(> 1), limitedonly by Trun, a size-dependent 
ut-o�, and is widest for τ → 1+, where τ -EOperforms optimal. This �nding a�rms the subtle relation between sear
hing
on�guration spa
e widely while preserving the memory of good solutions.Interestingly, the auto-
orrelations between 
on�gurations shown in the insetof Fig. 2 appear to de
ay with a stret
hed -exponential tail, C(t) ∼ exp{−Bτ

√
t}�tted with Bτ ≈ 1.6 exp{−2.4τ}, for all τ > 1, 
hara
teristi
 of a super-
ooledliquid [40℄ just above the glass transition temperature Tg(> 0 in this model).While we have not been able to derive that result, it suggests that τ -EO, drivenfar from equilibrium, never �freezes� into a glassy (T < Tg) state, yet a

esses

T = 0 properties e�
iently. Su
h 
orrelations typi
ally de
ay with an agoniz-ingly anemi
 power-law [40℄ for a thermal sear
h of a 
omplex (Tg > 0) energylands
ape, entailing poor exploration and slow 
onvergen
e.4 Annealed Optimization ModelAs des
ribed in Ref. [41℄, we 
an abstra
t 
ertain 
ombinatorial optimizationproblems into a simple, analyti
ally tra
table annealed optimization model (AOM).
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Fig. 2. Plot of the �rst-return time distribution R (∆t) for τ -EO for various τ and
n = 256. Poissonian behavior for τ < 1 develops into a power-law regime limited by a
ut-o� for τ > 1. The power-law s
aling 
losely follows Eq. (4) (dashed lines). Inset:Data 
ollapse (ex
ept for τ ≤ 1) of auto
orrelations C(t) a

ording to the stret
hed-exponential �t given in the text. From top to bottom, τ = 0.5, 0.7, . . . , 3.5.



To motivate AOM, we imagine a generi
 optimization problem, e. g. the spinglass in Se
. 2, as 
onsisting of a number of variables 1 ≤ i ≤ n, ea
h of whi
h
ontributes an amount −λi to the overall 
ost per variable (or energy density),
ǫ = − 1

n

n
∑

i=1

λi. (5)The ��tness� of ea
h variable is λi ≤ 0, where larger values are better and
λi = 0 is optimal. The (optimal) ground state of the system is ǫ = 0. In arealisti
 problem, variables are 
onstrained su
h that not all of them 
an besimultaneously of optimal �tness. In AOM, those 
orrelations are negle
ted.We will 
onsider that ea
h variable i is in one of α + 1 di�erent �tnessstates λi, where αi = α is �xed as a 
onstant here. (For example, α = 2don a d-dimensional hyper-
ubi
 latti
e or α = 3 in Se
. 3.) We 
an spe
ifyo

upation numbers na, 0 ≤ a ≤ α, for ea
h state a, and de�ne o

upationdensities ρa = na/n (a = 0, . . . , α). Hen
e, any lo
al sear
h pro
edure withsingle-variable updates, say, 
an be 
ast simply as a set of evolution equations,

ρ̇b =

α
∑

a=0

Tb,aQa. (6)Here, Qa is the probability that a variable in state a gets updated; any lo
alsear
h pro
ess (based on updating a �nite number of variables) de�nes a uniqueset of Q, as we will see below. The matrix Tb,a spe
i�es the net transition tostate b given that a variable in state a is updated. This matrix allows us todesign arbitrary, albeit annealed, optimization problems for AOM. Both, T and
Q, generally depend on the density ve
tor ρ(t) as well as on t expli
itly.We want to 
onsider the di�erent �tness states equally spa
ed, as in the spinglass example above, where variables in state a 
ontribute a∆E to the energy tothe system. Here ∆E > 0 is an arbitrary energy s
ale. The optimization problemis de�ned by minimizing the �energy� density

ǫ =

α
∑

a=0

aρa ≥ 0. (7)Conservation of probability and of variables implies the 
onstraints
α

∑

a=0

ρa(t) = 1,

α
∑

a=0

ρ̇a = 0,

α
∑

a=0

Qa = 1,

α
∑

a=0

Ta,b = 0 (0 ≤ b ≤ α). (8)While AOM eliminates most of the relevant properties of a truly hard opti-mization problem, su
h as quen
hed randomness and frustration [40℄, two fun-damental features of the evolution equations in Eq. (6) remain appealing: (1)The behavior for a large number of variables 
an be abstra
ted into a simple setof equations, des
ribing their dynami
s with merely a few unknowns, ρ, and (2)the separation of update preferen
e, Q, and update pro
ess, T, lends itself toan analyti
al 
omparison between di�erent heuristi
s, as we will show in Se
. 5.



5 Evolution Equations for Lo
al Sear
h Heuristi
sThe AOM developed above is quite generi
 for a 
lass of 
ombinatorial optimiza-tion problems. It was designed in parti
ular to analyze EO [41℄, whi
h we willreview next. Then we will present the update preferen
es Q through whi
h ea
hlo
al sear
h heuristi
 enters into AOM. We also spe
ify the update preferen
es
Q for Metropolis-based lo
al sear
hes, akin to simulated annealing.5.1 Extremal Optimization AlgorithmEO is simply implemented in AOM: For a given 
on�guration {xi}n

i=1, assign toea
h variable xi a ��tness� λi = 0,−1, . . . ,−α (e. g. λi = −{#violated bonds}in the spin glass), so that Eq. (5) is satis�ed. Ea
h variable falls into one ofonly α + 1 possible states. Say, 
urrently there are nα variables with the worst�tness, λ = −α, nα−1 with λ = −(α − 1), and so on up to n0 variables withthe best �tness λ = 0 with n =
∑α

b=0 nb. Sele
t an integer k, 1 ≤ k ≤ n, fromsome distribution, preferably with a bias towards lower values of k. Determine
0 ≤ a ≤ α su
h that ∑α

b=a+1 nb < k ≤ ∑α
b=a nb. Note that lower values of

k would sele
t a �pool� na with larger value of a, 
ontaining variables of lower�tness. Finally, sele
t one of the na variables in state a with equal 
han
e andupdate it un
onditionally. As in Eq. (3), we pres
ribe a bias for sele
ting variablesof poor �tness on a slowly varying (power-law) s
ale over the ranking 1 ≤ k ≤ nof the variables by their �tnesses λi,
Pτ (k) =

τ − 1

1 − n1−τ
k−τ (1 ≤ k ≤ n). (9)As an alternative, we 
an also study EO with threshold updating, whi
hRef. [35℄ has shown rigorously to be optimal. Yet, the a
tual value of this thresh-old at any point in time is typi
ally not obvious (see also Ref. [36℄). We willimplement a sharp threshold s (1 ≤ s ≤ n) via

Ps(k) ∝ 1

1 + er(k−s)
(1 ≤ k ≤ n) (10)for r → ∞. Sin
e we 
an only 
onsider �xed thresholds s, it is not apparent howto shape the rigorous results into a su

essful algorithm.5.2 Update Probabilities for Extremal OptimizationAs des
ribed in Se
. 5.1, in ea
h update of τ -EO a variable is sele
ted based onits rank a

ording to the probability distribution in Eq. (9). When a rank k(≤ n)has been 
hosen, a variable is randomly pi
ked from state α, if k/n ≤ ρα, fromstate α−1, if ρα < k/n ≤ ρα +ρα−1, and so on. We introdu
e a new, 
ontinuousvariable x = k/n, for large n approximate sums by integrals, and rewrite P (k)in Eq. (9) as

pτ (x) =
τ − 1

nτ−1 − 1
x−τ

(

1

n
≤ x ≤ 1

)

, (11)



where the maintenan
e of the low-x 
ut-o� at 1/n will turn out to be 
ru
ial.Now, the average likelihood in EO that a variable in a given state is updated isgiven by
Qα =

� ρα

1/n

p(x)dx =
1

1 − nτ−1

(

ρ1−τ
α − nτ−1

)

,

Qα−1 =

� ρα+ρα−1

ρα

p(x)dx =
1

1 − nτ−1

[

(ρα−1 + ρα)
1−τ − ρ1−τ

α

]

,

. . .

Q0 =

� 1

1−ρ0

p(x)dx =
1

1 − nτ−1

[

1 − (1 − ρ0)
1−τ

]

, (12)where in the last line the norm ∑

a ρa = 1 was used. These values of the Q's
ompletely des
ribe the update preferen
es for τ -EO at arbitrary τ .Similarly, we 
an pro
eed with the threshold distribution in Eq. (10) to obtain
ps(x) ∝ 1

1 + er(nx−s)
(
1

n
≤ x ≤ 1), (13)with some proper normalization. While all the integrals to obtain Q in Eq. (12)are elementary, we do not display the rather lengthy results here.Note that all the update probabilities in ea
h variant of EO are independentof the matrix T in Eq. (6), i. e. of any parti
ular model, whi
h remains to bespe
i�ed. This is spe
ial, as the following 
ase of a Metropolis algorithm shows.5.3 Update Probabilities for Metropolis AlgorithmsIt is more di�
ult to 
onstru
t Q for a Metropolis-based algorithm, like simu-lated annealing [42, 43℄. Let's assume that we 
onsider a variable in state a for anupdate. Certainly, Qa would be proportional to ρa, sin
e variables are randomlysele
ted for an update. But as the a
tual update of the 
hosen variable may bea

epted or reje
ted based on a Metropolis 
ondition, further 
onsiderations arene
essary. The requisite Boltzmann fa
tor e−βn∆ǫa for the potential update fromtime t → t + 1 of a variable in a, aside from the inverse temperature β(t), onlydepends on the entries for Ta,b:

∆ǫa =

α
∑

b=0

b [ρb(t+1)−ρb(t)]

∣

∣

∣

∣

∣

a

∼
α

∑

b=0

bρ̇b

∣

∣

∣

∣

∣

a

=

α
∑

b=0

b

α
∑

c=0

Tb,cQc

∣

∣

∣

∣

∣

a

=

α
∑

b=0

bTb,a,where the subs
ript a expresses the fa
t that it is a given variable in state a
onsidered for an update, i. e. Qc| a = δa,c. Hen
e, from Metropolis we �nd forthe average probability of an update of a variable in state a:
Qa =

1

N ρamin

{

1, exp

[

−βn

α
∑

b=0

bTb,a

]}

, (14)where the norm N is determined via ∑

a Qa = 1. Unlike for EO, the updateprobabilities here are model-spe
i�
, i. e. they depend on the matrix T.



5.4 Evolution Equations for a simple Barrier ModelTo demonstrate the use of these equations, we 
onsider a simple model of anenergeti
 barrier with only three states (α = 2) and a 
onstant �ow matrix
Tb,a = [−δb,a + δ(2+b mod 3),a]/n, depi
ted in Fig. 3. Here, variables in ρ1 
anonly rea
h their lowest-energy state in ρ0 by �rst jumping up in energy to ρ2.Eq. (6) gives

ρ̇0 =
1

n
(−Q0 + Q2) , ρ̇1 =

1

n
(Q0 − Q1) , ρ̇2 =

1

n
(Q1 − Q2) , (15)with some Q dis
ussed in Se
. 5.2 for the variants of EO.Given this T, we 
an now also determine the spe
i�
 update probabilities forMetropolis a

ording to Eqs. (14). Note that for a = 2 we 
an evaluate the minas 1, sin
e ∑

b bTb,a=2 < 0 always, while for a = 0, 1 the min always evaluatesto the exponential. Properly normalized, we obtain
Q0 =

ρ0e
−β/2

(1 − e−β/2)ρ2 + e−β/2
, Q1 =

ρ1e
−β/2

(1 − e−β/2)ρ2 + e−β/2
,

Q2 =
ρ2

(1 − e−β/2)ρ2 + e−β/2
. (16)

Fig. 3. Flow diagram with energeti
barriers. Arrows indi
ate the net num-ber of variables transferred, nTb,a, intoa state b, given that a variable in a getsupdated. Diagonal elements Ta,a 
or-respondingly are negative, a

ountingfor the out�ow. Here, variables trans-ferring from ρ1 to ρ0 must �rst jumpup in energy to ρ2.
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Fig. 4. Same as Fig. 3, but with amodel leading to a jam. Variables 
anonly transfer from ρ2 to ρ0 through ρ1,but only if ρ1 < θ. On
e ρ1 = θ, �owdown from ρ2 
eases until ρ1 redu
esagain.



It is now very simple to obtain the stationary solution: For ρ̇ = 0, Eqs. (15)yield Q0 = Q1 = Q2 = 1/3, and we obtain from Eq. (12) for τ -EO:
ρ0 = 1 −

(

1

3
nτ−1 +

2

3

)
1

1−τ

, ρ2 =

(

2

3
nτ−1 +

1

3

)
1

1−τ

, (17)and ρ1 = 1 − ρ0 − ρ2, and for Metropolis:
ρ0 =

1

2 + e−β/2
, ρ1 =

1

2 + e−β/2
, ρ2 =

e−β/2

2 + e−β/2
. (18)For EO with threshold updating, we obtain

ρ0 =
1

3
− 1

3n
− s

n
− 1

3nr
ln

[

1 + er(n−s)
]

+
1

nr
ln

[

(enr + ers)
(

1 + er(1−s)
)

1

3

+ e
r

3
(2n+1)

(

1 + er(n−s)
)

1

3

]

,

ρ2 =
1

3
+

2

3n
+

s

n
− 2

3nr
ln

[

1 + er(n−s)
]

+
1

nr
ln

[

(enr + ers)
(

1 + er(1−s)
)

2

3

+ e
r

3
(n+2)

(

1 + er(n−s)
)

2

3

]

, (19)and, assuming a threshold anywhere between 1 < s < n, for r → ∞:
ρ0 = 1 − 2s + 1

3n
, ρ2 =

s + 2

3n
, ρ1 =

s − 1

3n
. (20)Therefore, a

ording to Eq. (7), Metropolis rea
hes its best, albeit sub-optimal, 
ost ǫ = 1/2 > 0 at β → ∞, due to the energeti
 barrier fa
ed bythe variables in ρ1, see Fig. 3. The result for threshold updating in EO are morepromising: near-optimal results are obtained, to within O(1/n), for any �nitethreshold s. But results are best for small s → 1 ≪ n, in whi
h limit we revertba
k to �basi
� EO (only update the worst) obtained also for τ → ∞.Finally, the result for τ -EO is most remarkable: For n → ∞ at τ < 1 EOremains sub-optimal, but rea
hes the optimal 
ost in the entire domain τ > 1!This transition at τ = 1 separates a (di�usive) random walk phase with toomu
h �u
tuation, and a greedy des
ent phase with too little �u
tuation, whi
hwould trap τ -EO in problems with a 
omplex lands
ape. This transition derivesgeneri
ally from the s
ale-free power-law in Eq. (9), as had been argued on thebasis of numeri
al results for real NP-hard problems in Refs. [2, 4℄. The di�eren
ebetween rea
hing optimality in a limit only (τ → ∞ as in basi
 EO, s → 1 forour naive threshold-EO model) or within a phase (τ > 1) seems insigni�
antin the stationary regime, Trun → ∞. Yet, it is the hallmark of a lo
al sear
h ina 
omplex lands
ape that stationarity is rarely rea
hed within any reasonable
omputational time Trun < ∞. At intermediate times, 
onstrained variables jamea
h others evolution, requiring a subtle interplay between greedy des
ent anda
tivated �u
tuations to es
ape metastable states, as we will analyze in thefollowing.



5.5 Jamming Model for τ -EONaturally, the range of phenomena found in a lo
al sear
h of NP-hard problemsis not limited to energeti
 barriers. After all, so far we have only 
onsidered
onstant entries for Tb,a. Therefore, as our next AOM we want to review the 
aseof T depending linearly on the ρi for τ -EO [41℄. It highlights the importan
eof the fa
t that τ -EO attains optimality in the entire phase τ > 1, instead ofjust an extreme limit su
h as basi
 EO (τ → ∞) or s → 1 for EO with �xedthreshold. From Fig. 4, we 
an read o� T and obtain for Eq. (6):
ρ̇0 =

1

n

[

−Q0 +
1

2
Q1

]

,

ρ̇1 =
1

n

[

1

2
Q0 − Q1 + (θ − ρ1)Q2

]

, (21)and ρ̇2 = −ρ̇0− ρ̇1 from Eq. (8). Aside from the dependen
e of T on ρ1, we havealso introdu
ed the threshold parameter θ. In fa
t, if θ ≥ 1, the model behavese�e
tively like the previous model, and for θ ≤ 0 there 
an be no �ow fromstate 2 to the lower states at all. The interesting regime is the 
ase 0 < θ < 1,where further �ow from state 2 into state 1 
an be blo
ked for in
reasing ρ1,providing a negative feed-ba
k to the system. In e�e
t, the model is 
apableof exhibiting a �jam� as observed in many models of glassy dynami
s [40℄, andwhi
h is 
ertainly an aspe
t of lo
al sear
h pro
esses. Indeed, the emergen
e ofsu
h a jam is 
hara
teristi
 of the low-temperature properties of spin glasses andreal optimization problems: After many update steps, most variables freeze intoa near-perfe
t lo
al arrangement and resist further 
hange, while a �nite fra
tionremains frustrated (temporarily in this model, permanently in real problems) ina poor lo
al arrangement [44℄. More and more of the frozen variables have to bedislodged 
olle
tively to a

ommodate the frustrated variables before the systemas a whole 
an improve its state. In this highly 
orrelated state, frozen variablesblo
k the progression of frustrated variables, and a jam emerges.We obtain for the steady state, ρ̇ = 0:
0 =

3

2
(A − 1) +

[

θ − A1/(1−τ) + (3A − 2)1/(1−τ)
]

(

3A − 2 − nτ−1
)

, (22)whi
h 
an be solved for A to obtain
ρ0 = 1 − A1/(1−τ), ρ2 = (3A − 2)1/(1−τ), (23)and ρ1 = 1 − ρ0 − ρ2. Eq. (22) has a unique physi
al solution (A > 2/3) forthe ρ's for all 0 ≤ τ ≤ ∞, 0 < θ < 1, and all n. As advertised in Se
. 5.4, inthe thermodynami
 limit n → ∞ the generi
 
riti
al point of τ−EO at τ = 1emerges: If τ < 1, the sole n-dependent term in Eq. (22) vanishes, allowing A,and hen
e the ρ's, to take on �nite values, i. e. e > 0 in Eq. (7). If τ > 1, the

n-dependent term diverges, for
ing A to diverge in kind, resulting in ρ0 → 1 and
ρi → 0 for i > 0 in Eqs. (23), i. e. e → 0.



While the steady state (t → ∞) features of this model do not seem to bemu
h di�erent from the model in Se
. 5.4, the dynami
s at intermediate times
t is more subtle. In parti
ular, as was shown in Ref. [41℄, a jam in the �owof variables towards better �tness may ensue under 
ertain 
ir
umstan
es. Theemergen
e of the jam depends on initial 
onditions, and its duration will prove toget longer for larger values of τ . If the initial 
onditions pla
e a fra
tion ρ0 > 1−θalready into the lowest state, most likely no jam will emerge, sin
e ρ1(t) < θ forall times, and the ground state is rea
hed in t = O(n) steps. But if initially
ρ1 + ρ2 = 1− ρ0 > θ, and τ is su�
iently large, τ -EO will drive the system to asituation where ρ1 ≈ θ by preferentially transferring variables from ρ2 to ρ1, asFig. 5 shows. Then, further evolution be
omes extremely slow, delayed by the
τ -dependent, small probability that a variable in state 1 is updated ahead of anextensive (∝ n) number of less-�t variables in state 2.Clearly, this jam is not a stationary solution of Eq. (21). We 
onsider initial
onditions leading to a jam, ρ1(0) + ρ2(0) > θ and make the Ansatz

ρ1(t) = θ − η(t) (24)with η ≪ 1 for t . tjam, where tjam is the time before ρ0 → 1. To determine
tjam, we apply Eq. (24) to the evolution equations in (21) and use the norm and
ρ̇1 = 0 to leading-order, ρ̇0 = −ρ̇2, whi
h yields an equation solely for ρ2(t),

−dρ2

dt
∼ 1

nτ

[

1 − 3

2
(θ + ρ2)

1−τ +
1

2
ρ1−τ
2

]

, (25)
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Fig. 5. Plot of the typi
al evolution of the system in Eqs. (21) for some generi
 initial
ondition that leads to a jam. Shown are ρ0(t), ρ1(t), and ρ2(t) for n = 1000, τ = 2,
θ = 0.5 and initial 
onditions ρ0(0) = 0.2, ρ1(0) = ρ2(0) = 0.4. Sin
e ρ1(0) < θ, ρ1 �llsup to θ almost instantly with variables from ρ2 while ρ0 stays ≈
onstant. After that,
ρ1 ≈ θ for a very long time (≫ n) while variables slowly tri
kle down through state1. Eventually, after t = O(nτ ), ρ2 vanishes and EO 
an empty out ρ1 dire
tly whi
hleads to the ground state ρ0 = 1 (i. e. e = 0) almost instantly.



or, using the fa
t that ρ2 almost instantly takes on the value of ρ1(0)+ρ2(0)−θ =
1 − θ − ρ0(0) (see Fig. 5), we solve Eq. (25) to get

t ∼ nτ

� 1−θ−ρ0(0)

ρ2(t)

2dξ

2 − 3(θ + ξ)1−τ + ξ1−τ
. (26)We 
an estimate the duration of the jam ending at t = tjam by setting ρ2(tjam) ≈

0, see Fig. 5, leaving the integral as a 
onstant to �nd:
tjam ∼ nτ . (27)Instead of repeating the lengthy 
al
ulation in Ref. [41℄ for the ground stateenergy averaged over all possible initial 
onditions for �nite runtime Trun ∝ n,we 
an 
ontent ourselves here with the obvious remark that a �nite fra
tion ofthe initial 
onditions will lead to a jam, hen
e will require a runtime Trun ≫ tjamto rea
h optimality. With Trun ∝ nk, the fa
t that the phase transition in τ -EOprovides good solutions for all τ > 1 allows us to 
hoose 1 < τ < k, as is apparentfrom Fig. 1 where k = 3. Fig. 6, obtained here from simulations of this jammedmodel in Eqs. (21), veri�es the general asymptoti
 s
aling, τopt − 1 ∼ 1/ ln(n),with small enough τ to �u
tuate out of any jam in a time near-linear in n whilestill attaining optimal results as it would for any τ > 1 at in�nite runtime.
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Fig. 6. Plot of the energy 〈e〉, averaged over initial 
onditions, vs. τ in many τ -EO runsof Eqs. (21) with Trun = 100n, n = 10, 100, 1000, and 10000 and θ = 1/2. For smallvalues of τ , 〈e〉 
losely follows the steady state solutions from Eqs. (22-23). It rea
hesa minimum at a value near the predi
tion for τopt ≈ 3.5, 2.1, 1.6, and 1.4, approa
hing
τ = 1+ along the yellow arrow, and rises sharply beyond that, 
omparable to Fig. 1.
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