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Outline of this tutorial

1. The Propositional 
Satisfiability Problem 
(SAT)
ïTheoretical importance
ïPractical significance
ÅSoftware verification

2. The state-of-the-art 
sequential algorithm
ïEfficient BUP
ïConflict analysis
ïActivity-based heuristics
ïRestarts

3. Parallel SAT Solving
ïMotivation
ïParallel Relaxation
ïParallel Search
ÅDivide-and-conquer
ÅClause-sharing

ïImpact 
ïIntegration

ÅPortfolio approach
ÅProblems of static size 

clause sharing
ÅDynamic clause sharing
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DEFINITION
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The Propositional Satisfiability 
Problem (SAT)

ÅFor a given Boolean formula f

ïFind an assignment of the variables which 
evaluates to true.

ïProve that such assignment does not exists.

ÅConjunctive Normal Form (CNF)

ïExample

)532()431()21( xxxxxxxxf Ù×ÙØÙÙ×Ø×Ù×=

clause
negative
literal

positive
literal
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The Propositional Satisfiability 
Problem (SAT)

ÅA clause forbids a partial assignment: nogood

ÅExample:

ïGiven a Boolean formula, ŦόȄмΣΧΣxn)

ïClause c: (¬x1 ͂ ¬x2 ͂ Χ ͂¬xk) \ in f

ïcҒ ҘόȄмҐǘǊǳŜ x̓2=true ̓ Χ ̓xk=true)

ïc removes 2(n-k) tuples
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MOTIVATION

19 January 2009 Parallel SAT Solving - Youssef Hamadi, MSR 6



Theoretical Importance

ÅEstablished as the first NP-complete problem 
[Cook 1971].

ÅSAT used to prove NP-completeness of many 
ƛƳǇƻǊǘŀƴǘ ǇǊƻōƭŜƳǎ ҢΦ

1. Ң ƛƴ bt όtƻƭȅƴƻƳƛŀƭ ŎŜǊǘƛŦƛŎŀǘŜύ

2. {!¢ ΨŜŦŦƛŎƛŜƴǘƭȅ-transformed-ƛƴǘƻΩ Ң

3. Ң bt-complete, i.e., difficult L(assuming P!=NP)

4. Consider approximate solutions 

e.g., greedy algorithms, dynamic-programming, etc.
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Practical Importance

ÅTremendous performance gains of sequential SAT-
solvers in the last 10-15 years:
ï3 orders of magnitude gains
ï10 of thousands variables
ïMillions of clauses

ÅBlack-box solving: no need to add domain-knowledge 
to be efficient.
ÅҢ bt-ŎƻƳǇƭŜǘŜ ҐҔ Ң ΨŜŦŦƛŎƛŜƴǘƭȅ-transformed-ƛƴǘƻΩ {!¢Φ
ÅNew workflow:

1. Ң ΨŜŦŦƛŎƛŜƴǘƭȅ-transformed-ƛƴǘƻΩ {!¢ 
2. Run an out-of-the-box SAT solver on your encoded 

instance J
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Example: k-colorability

ÅGraph k-colorabilityis NP-complete [Karp 72].

ÅEfficient SAT encoding of a particular instance

ïΨ9ŦŦƛŎƛŜƴǘΩ ǇƻƭȅƴƻƳƛŀƭ ƛƴ ǘƘŜ ǎƛȊŜ ƻŦ ǘƘŜ ƛƴǇǳǘ ƎǊŀǇƘ

ïExample, 3-colorability:  
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Vertex A: 
3 Boolean vars: A1, A2, A3

άŜŀŎƘ ǾŜǊǘŜȄ Ƙŀǎ ƻƴŜ colorέΥ 
(A1 A͂2 A͂3)

άƻƴŜ colorŀǘ ǘƘŜ ǘƛƳŜέΥ 
(¬A1 ¬͂A2) (̓¬A2 ¬͂A3) (̓¬A3 ¬͂A1)

άŀŘƧŀŎŜƴǘ ƴƻŘŜǎ ƘŀǾŜ ŘƛŦŦŜǊŜƴǘ colorsέΥ 
(A,B): 

(¬A1 ¬͂B1) ̓ (¬A2 ¬͂B2) ̓ (¬A3 ¬͂B3) 
Etc.

A

B C

E

D



Practical Importance: 
Software Verification

ÅFixing a bug costs:
ïϷм ƻƴ ŀ ǇǊƻƎǊŀƳƳŜǊΩǎ ŘŜǎƪǘƻǇ

ï$100 once in a complete program

ï+$1000 once released

ÅUS National Institute of Standards and 
Technology (NIST), 2002 report:
ï80% of software development costs spent on fixing 

defects (debugging).

ïSoftware errors cost the U.S. economy $59.5 
billion/year, i.e., 0.6% of GDP.
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Software verification: example

ÅaƛŎǊƻǎƻŦǘΩǎ {ǇŜŎІ ǇǊƻƎǊŀƳƳƛƴƎ ƭŀƴƎǳŀƎŜΥ
ï9ȄǘŜƴǎƛƻƴ ƻŦ /І όΧ ǎƛƳƛƭŀǊ ǘƻ WŀǾŀύΦ
ïDesign-by-contract methodology
ÅEvery public method has a precondition and a postcondition
ÅPre and postconditionsare checked at compile time
ÅPreconditions and postconditionsare side effect free 

boolean-valued expressions - i.e. they evaluate to true/false

ïStatic program verifier
ÅGenerates logical verification conditions from a Spec# 

program.
ÅInternally, it uses an automatic theorem proverthat analyzes 

the verification conditions to prove the correctness of the 
program or find errors in it. 
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12

static void Swap( int [] a, int i , int j )

requires 0 <= i && i < a.Length ;

requires 0 <= j && j < a.Length ;

modifies a[ i ], a[j];

ensures a[ i ] == old (a[j]);

ensures a[j] == old (a[ i ]);

{

int temp;

temp = a[ i ];

a[ i ] = a[j];

a[j] = temp; 

}

Spec# language: example

preconditions

declares what a 
method is allowed 

to modify
old, value at the 

entry of the 
method

Source:  [Rustanet al. 2008]
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Spec# verifier: architecture
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MSIL (ñbytecodeò)

SMT solver (Z3)

V.C. generator

Inference engine

Translator

verification conditions

άŎƻǊǊŜŎǘέ ƻǊ ƭƛǎǘ ƻŦ ŜǊǊƻǊǎ

Spec# compiler

Spec#

Static

verifier

Source:  [Rustanet al. 2008]



Software verification in Microsoft

ÅRatio (developer/tester) close to 1.

ÅSeveral teams of researchers / engineers, developing 
fundamental theory / practical tools for better software 
verification.

ÅMS tools:SAGE (CP-based, code coverage), Pex(static 
verification), SDV/SLAM (driver verification), Spec#, etc.
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Software
verification

Source
code

Bugs,
warnings

Local (compile-time)
Remote (overnight)

MS developer



Practical Importance

ÅDemanding Application Domains:
ïSoftware verification
ïElectronic Design Automation
ïGeneral theorem proving
ïArtificial Intelligence
ïComputational biology
ïEtc.

ÅApplication pattern:
SAT as a basic building block of a more 
complex reasoning engine.
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THE STATE-OF-THE-ART SEQUENTIAL 
ALGORITHM
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Basic mechanisms

ÅDecision

ïAssign a variable to some truth value.

ÅImplication

ïDecisions force the truth value of a variable.

ïUnit-clauserule: an unsatisfied clause is unit if it 
has exactly one unassigned literal.

ïExample: 
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)532()431()21( xxxxxxxxf Ù×ÙØÙÙ×Ø×Ù×=

truexfalsex

falsextruex

=Ý=

=Ý=

43

21



Basic mechanisms

1. Boolean Unit Propagation (BUP)
ï Application of the unit-clause rule until
Å Fix-point.
Å Conflict: all literals in a clause are unsatisfied (wrong decisions).

2. Conflict analysis
ï Learna conflict-clause
ï Avoid future occurrences of conflict
ï Correct the set of decisions

3. Activity-based heuristics
ï Order the decisions
ï Prioritize conflict-clauses

4. Restart policy
ï Give-up and restart (a more informed) search
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Boolean Unit Propagation

ÅThe problem: Determine as fast as possible 
the clauses that become unit, 

ïi.e., all but one literals are false 

->we must impose the remaining one
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Boolean Unit Propagation

!x1 x2 x3 x4 !x5 x6 x7 x8 !x9 x10
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2-watch approach: zChaff[Moskewiczet al. 
2001]



Boolean Unit Propagation

!x1 x2 x3 x4 !x5 x6 x7 x8 !x9 x10

19 January 2009 23Parallel SAT Solving - Youssef Hamadi, MSR

2-watch approach: zChaff[Moskewiczet al. 
2001]

When a watched literal gets violated: we 
search for a free literal at a position different
from the other pointer



Boolean Unit Propagation

!x1 x2 x3 x4 !x5 x6 x7 x8 !x9 x10
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2-watch approach: zChaff[Moskewiczet al. 
2001]



Boolean Unit Propagation

!x1 x2 x3 x4 !x5 x6 x7 x8 !x9 x10

When a watched literal gets violated: we 
search for a free literal at a position different
from the other pointer
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2-watch approach: zChaff[Moskewiczet al. 
2001]



Boolean Unit Propagation

!x1 x2 x3 x4 !x5 x6 x7 x8 !x9 x10

When the only free position is the other 
Pointer, the corresponding literal is unit
(when all positions incorrect, fail)
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2-watch approach: zChaff[Moskewiczet al. 
2001]



Boolean Unit Propagation

!x1 x2 x3 x4 !x5 x6 x7 x8 !x9 x10
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2-watch approach: zChaff[Moskewiczet al. 
2001]

wŜƳŀǊƪΥ ǘƘŜ ǇƻƛƴǘŜǊǎ ŘƻƴΩǘ ŜǾŜƴ ƴŜŜŘ ǘƻ ōŜ backtrackable.



Boolean Unit Propagation

!x1 x2 x3 x4 !x5 x6 x7 x8 !x9 x10
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2-watch approach: zChaff[Moskewiczet al. 
2001]

wŜƳŀǊƪΥ ǘƘŜ ǇƻƛƴǘŜǊǎ ŘƻƴΩǘ ŜǾŜƴ ƴŜŜŘ ǘƻ ōŜ backtrackable.



Conflict analysis 

ÅGRASP [Marques-Silva et al. 1996]

ÅAfter a decision,

ïBoolean Unit Propagation until fix-point.

ïIf conflict, analysisfor subsequent pruning and 
current backjumping.
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Conflict analysis
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conflict

c1: (¬x2 v ¬x3 v x4) c2: (¬x1 v ¬x4 v x6) c3: (¬x4 v x5)
c4: (¬x5 v x7) c5: (¬x6 v ¬x7)



Conflict analysis
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conflict

c1: (¬x2 v ¬x3 v x4) c2: (¬x1 v ¬x4 v x6) c3: (¬x4 v x5)
c4: (¬x5 v x7) c5: (¬x6 v ¬x7)

x1=1 (1) Decisions, BUP:
1. x1=1, {}



Conflict analysis
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conflict

c1: (¬x2 v ¬x3 v x4) c2: (¬x1 v ¬x4 v x6) c3: (¬x4 v x5)
c4: (¬x5 v x7) c5: (¬x6 v ¬x7)

x1=1 (1) x2=1 (2) Decisions, BUP:
1. x1=1, {}
2. X2=1, {} 



Conflict analysis

19 January 2009 Parallel SAT Solving - Youssef Hamadi, MSR 33

conflict

c1: (¬x2 v ¬x3 v x4) c2: (¬x1 v ¬x4 v x6) c3: (¬x4 v x5)
c4: (¬x5 v x7) c5: (¬x6 v ¬x7)

x1=1 (1) x2=1 (2) x3=1 (3)

x4=1 (3)

x6=1 (3) x5=1 (3)

x7=0 (3) x7=1 (3)

c1

c2 c3

c4c5

Decisions, BUP:
1. x1=1, {}
2. X2=1, {} 
3. X3=1, {x4,x5,x6}

Conflicting-variable: x7
Conflicting-clause: c5



Conflict analysis
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conflict

Decisions, BUP:
1. x1=1, {}
2. X2=1, {} 
3. X3=1, {x4,x5,x6}

Conflicting-variable: x7
Conflicting-clause: c5

Candidate learnt clauses:
- any cut between the decisions and the 

conflict 
- (¬x6 v ¬x5), (¬x1 v ¬x4), etc.

c1: (¬x2 v ¬x3 v x4) c2: (¬x1 v ¬x4 v x6) c3: (¬x4 v x5)
c4: (¬x5 v x7) c5: (¬x6 v ¬x7)

x1=1 (1) x2=1 (2) x3=1 (3)

x4=1 (3)

x6=1 (3) x5=1 (3)

x7=0 (3) x7=1 (3)

c1

c2 c3

c4c5



Conflict analysis

19 January 2009 Parallel SAT Solving - Youssef Hamadi, MSR 35

conflict

Decisions, BUP:
1. x1=1, {}
2. X2=1, {} 
3. X3=1, {x4,x5,x6}

Conflicting-variable: x7
Conflicting-clause: c5

First-Unique-Implication point:
assertingclause: becomesunit-clause after
backjumping. Onlyone literal of current
decisionlevel.

Backjumping: level 1.
1. x1=1, {¬x4}

c1: (¬x2 v ¬x3 v x4) c2: (¬x1 v ¬x4 v x6) c3: (¬x4 v x5)
c4: (¬x5 v x7) c5: (¬x6 v ¬x7)

x1=1 (1) x2=1 (2) x3=1 (3)

x4=1 (3)

x6=1 (3) x5=1 (3)

x7=0 (3) x7=1 (3)

c1

c2 c3

c4c5

(¬x5 v ¬x6)

(¬x4 v ¬x6)

(¬x1 v ¬x4)

c3

c2

c4, c5



Activity-based heuristics

Å [Moskewiczet al. 2001]
Å Variable selection, Variable 

State Independent Decaying 
Sum (VSIDS) decision heuristic:
ïEach variable maintains a 

counter that stores the number 
of times it was part of a clause 
used during a backward 
resolution process.

ïUpdated during conflict 
analysis.

ïValues of all counters are 
periodically divided by a small 
constant c>1: preference given 
to recently deduced conflicts.

ïSelect free variable x with 
maximum counter.
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c1: (¬x2 v ¬x3 v x4), c2: (¬x1 v ¬x4 v x6)

c3: (¬x4 v x5), c4: (¬x5 v x7), c5: (¬x6 v ¬x7)

(¬x5 v ¬x6)

(¬x4 v ¬x6)

(¬x1 v ¬x4)

c3

c2

c4, c5

x1 x2 x3 x4 x5 x6 x7

1 0 0 1 1 1 0



Activity-based heuristics 

Å [Moskewiczet al. 2001]
ÅClause deletion:
ïUpdated during conflict 

analysis.
ïEach clause maintains a 

counter that stores the 
number of times it was used 
during a backward resolution 
process.

ïValues of all counters are 
periodically divided by a small 
constant c>1: preference 
given to recently deduced 
clauses.

ïFrom time to time, remove 
the 50% least actives clauses.
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Assuming learnt clauses:

c1: (¬x2 v ¬x3 v x4), c2: (¬x1 v ¬x4 v x6)

c3: (¬x4 v x5), c4: (¬x5 v x7), c5: (¬x6 v ¬x7)

(¬x5 v ¬x6)

(¬x4 v ¬x6)

(¬x1 v ¬x4)

c3

c2

c4, c5

c1 c2 c3 c4 c5

0 1 1 1 1



Restart policy

[Gomes et al. 1998]
Motivation,
Å In DFS, early wrong decisions are very expensive

heuristics are likely to be wrong there since they are poorly 
informed.

In modern SAT solvers,
Å Knowledge is accumulated during conflict analysis: VSIDS, 

conflict-clauses.

-> Restart the search and focus on parts previously identified 
as important.
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Architecture
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(2) Implication graph

(4) Conflict-clause

Backtrack friendly

(1) Literal
(3) Generate 
conflict-clause

(4) conflict-clause

(5) Activity

(6) Conflict



Algorithm
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DPLL(){

limit = c;

while ( true ){

while (#conflicts < limit){

lit = decide();

if (!lit) return SAT;

if (!BUP(lit)){

cl = conflict - analysis();

if (! cl ) return UNSAT;

#conflicts++;

}

}

undoDecisions ();

increase(limit);

}

}
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PARALLEL SAT SOLVING
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MOTIVATION
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Why should we move to Parallel SAT?

ÅState of the art sequential algorithm looks difficult to improve 
(minor improvements, no orders of magnitude).

ÅSAT is applied to larger and more ambitious problems which 
cannot be solved in reasonable time.
ï~90% of the industrial problems solved in less than 15min.

ï~10% of the industrial problems solved in more than 1h.

ÅSAT is used in other formalisms, 
ïQuantified Boolean Formulae

ïSatisfiability Modulo Theory 
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Why should we move to Parallel SAT?

ÅArchitectural shift:

ïSupercomputers
ÅάtŀǊŀƭƭŜƭƛǎƳ ƛǎ ǘƘŜ ǿŀǾŜ ƻŦ 

the future and always will 
ōŜΧέ

ïά[ƻǿ Ŏƻǎǘέ 
supercomputers: 
ÅNetwork of standards 

PCs, aka, beowulf
machines

19 January 2009 Parallel SAT Solving - Youssef Hamadi, MSR 46


