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1. The Propositional
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(SAT)
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The Propositional Satisfiability
Problem (SAT)

A For a given Boolean formula

I Find an assignment of the variables which
evaluates to true.

I Prove that such assignment does not exists.
A Conjunctive Normal Form (CNF)
I Example
f = (xxLUxx2) @(x xXLUx3U x4) B(x2 Ux x3U x5)

negative
clause : )
literal literal
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The Propositional Satisfiability
Problem (SAT)

A A clause forbids a partial assignmembgood

A Example:

i Given a Boolean formul®, 6 Exwm)Z X
- Clausec: (-x1™ -x2° X~ —xK)\In f
cF 30 E wi2<trttiz®’ xk=true)
cremoves 2K tuples
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Theoretical Importance

A Established as the first Nf@mplete problem
[Cook 1971].

A SAT used to prove Nid@mpleteness of many
AYLIRZ NI F YO LINEZ ¢
1. H AY Dbt ot 2f ey —
2. {1 ¢ WS Fransf@meS8NVIT 2Q H
3. H bcomplete, i.e., difficul (assuming P!=NP)
4

. Consider approximate solutions
e.g., greedy algorithms, dynampcogramming, etc.
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Practical Importance

A Tremendous performance gains of sequential-SAT
solvers in the last 2Q5 years:

I 3 orders of magnitude gains

I 10 of thousands variables

I Millions of clauses
A Blackbox solving: no need to add domaknowledge

to be efficient.
AH BA2YLX SUGS T BtraksfoSdR F A1 @ QS
A New workflow:

1. H WST FfrarchregBhya2Q {! ¢

2. Run an ouof-the-box SAT solver on your encoded
Instancel
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Example: icolorabllity

A Graph kcolorabilityis NRcomplete [Karp 72].

A Efficient SAT encoding of a particular instance
FTWOTFAOASY (I Q LIRtEeYy2YALf
I Example, Zolorabillity:

Vertex A:

3 Boolearvars A, A, A

Sl OK OSNdolSrEY K& 2y S
A A)

azydorl U UKS UAYSeY
o CGATA) BA A (A -A) o

al R2l OSyu Yy 2R®las Kl S RAFTFSNBY I
(A,B):

(A" -B)  (=A" -B) ' (-A -B)
Etc.
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Practical Importance:

A Fixing a bug costs:
iPM 2y | LINR23IN) YYSNXA RSa
i $100 once in a complete program
I +$1000 once released

A US National Institute of Standards and
Technology (NIST), 2002 report:

I 80% of software development costs spent on fixing
defects (debugging).

i Software errors cost the U.S. economy $59.5
billion/yeatr, i.e., 0.6% of GDP.
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Software verification: example

iF9EGSYaArzy 2F /1 00X &AYACf
I Designhby-contract methodology
A Every public method has a precondition angastcondition

A Pre andpostconditionsare checked at compile time

A Preconditions anghostconditionsare side effect free
booleanvalued expressionsi.e. they evaluate to true/false

| Static program verifier
A Generates logical verification conditions from a Spec#
program.

AInternally, it uses an automatic theoreproverthat analyzes
the verification conditions to prove the correctness of the
program or find errors in it.
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Spec# language: example

Source: Rustaret al. 2008]

static void Swap(int [] a, int 1, int |)
requires 0<= | && I < a.length ;
requires 0<=j&&j< a.Length ;
modifies al 1], a[j];
ensures a[i]== old (a}§
ensures  a[j] == Qld (a[ )
{
Int  temp;
temp=a[ 1];
al i1 ]=all, declares what a
a[l] = temp; method is gllowed
} old, value at the il

entry of the
method
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Spec# verifier. architecture

Spec#

Source: Rustaret al. 2008]

ﬂ lons
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Software verification in Microsoft

A Ratio (developer/tester) close to 1.
A Several teams of researchers / engineers, developing
fundamental theory / practical tools for better software

verification.
SAGE (CPased, code coveragdyex(static

verification), SDV/SLAM (driver verification), Spec#, etc.

MS developes Source -
; E»Lé code l 2@:
= verification
Local (compildime)
t Bugs. Remote (overnight)

warnings
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Practical Importance

A Demanding Application Domains:
I Software verification

I Electronic Design Automation

I General theorem proving

i Artificial Intelligence

I Computational biology

i Etc.

A Application pattern:

SAT as a basic building block of a more
complex reasoning engine.
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THE STAIGFTHEART SEQUENTIAL
ALGORITHM
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Basic mechanisms

A Decision
I Assign a variable to some truth value.

A Implication
I Decisions force the truth value of a variable.

an unsatisfied clause is unit if it
has exactly one unassigned literal.

I Example: f =(xx1Uxx2) @(xx1Ux3Ux4) @(x2Uxx3U x5)

xl=trueY x2= false
x3= falseY x4=true
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1.

2.

3.

4.

Basic mechanisms

Boolean Unit Propagation (BUP)

Application of the uniclause rule until

A Fixpoint.

. all literals in a clause are unsatisfi@gdrgng decisions).

Conflict analysis

Learna conflictclause

Avoid future occurrences of conflict

Correct the set of decisions

Activity-based heuristics
Order the decisions
Prioritize confliciclauses
Restart policy
Giveup and restart (a more informed) search
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Boolean Unit Propagation

A The problem: Determine as fast as possible
the clauses that become unit,

i 1.e., all but one literals are false
->We must impose the remaining one
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Boolean Unit Propagation

2-watch approachzChaffMoskewiczet al.
2001]

VvV V
XLox2 X3 x4 BE X6 X7 X8 X9 x10
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Boolean Unit Propagation

2-watch approachzChaf
2001]

vV V

[Moskewiczet al.

When a watched literal gets violated: we
search for a free literal at a position different

from the other pointer
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Boolean Unit Propagation

2-watch approachzChaffMoskewiczet al.
2001]

V

V
b [ e e [EEE 7 [EERET a0
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Boolean Unit Propagation

2-watch approachzChaffMoskewiczet al.
2001]

vV V¥
ix1 | x2 JEER x4 | b | x6 ROl x| 1xo el

When a watched literal gets violated: we
search for a free literal at a position different
from the other pointer
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Boolean Unit Propagation

2-watch approachzChaf
2001]

[Moskewiczet al.

V V
x1 | 2 JEER x4 | 06 | x6 | x7 ] x8 | 1x9 | x10

When the only free position is the other
Pointer, the corresponding literal is unit
(when all positions incorrect, fail)
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Boolean Unit Propagation

2-watch approachzChaffMoskewiczet al.
2001]

V V
ix1 | x2 JEER x4 | b | x6 ROl x| 1xo el

WSYEFN]Y GKS LI2AyYyaSbNdkrRidyeQ(l S @Sy

19 January 2009 Parallel SAT Solvinyoussef Hamadi, MSR 27



Microsoft’
Research

Boolean Unit Propagation

2-watch approachzChaffMoskewiczet al.
2001]

V V
D] 3 x4 S X6 X7 X8 X9 x10

WSYEFN]Y GKS LI2AyYyaSbNdkrRidyeQ(l S @Sy
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Conflict analysis

A GRASP [MarqueSilva et al. 1996]

A After a decision,
I Boolean Unit Propagation until fpoint.

I If conflict, for subsequent pruning and
currentbackjumping
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cl (-x2 v =x3 Vv x4)
c4: (-x5 v X7)

conflict

Conflict analysis

cZ (-x1 v —x4 v X6) c3 (-x4 v x5)
C5: (-X6 v =X7)
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cl (-x2 v =x3 Vv x4)
c4: (-x5 v X7)

x1=1 (1)

conflict

Conflict analysis

cZ (-x1 v —x4 v X6) c3 (-x4 v x5)
C5: (-X6 v =X7)

Decisions, BUP:
1. x1=1,{}
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Conflict analysis

cl (-x2 v =x3 Vv x4) cZ (-x1 v —x4 v X6) c3 (-x4 v x5)
c4: (-x5 v X7) C5: (-X6 v =X7)
_ _ Decisions, BUP:
x1=1 (1) x2=1 (2) 1 x1=1
2. X2=1,{

conflict
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Conflict analysis

cl (-x2 v =x3 Vv x4) cZ (-x1 v —x4 v X6) c3 (-x4 v x5)
c4: (-x5 v X7) C5: (-X6 v =X7)
_ _ _ Decisions, BUP:
x1=1 (1) x2=1 (2) x3=1 (3) 1 x1=1
\ / 2. X2=1,{}
c1 3. X3=1, {x4,x5,x6}
x4=1 (3)
Conflictingvariable: x7
/\ Conflictingclause: ¢5
c2 c3
x6=1 (3) x5=1 (3)
X c5 X c4
x7=0 (3) x7=1 (3)
conflict
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Conflict analysis

cl (-x2 v =x3 Vv x4) cZ (-x1 v —x4 v X6) c3 (-x4 v x5)
c4: (-x5 v X7) C5: (-X6 v =X7)
_ _ _ Decisions, BUP:
x1=1 (1) x2=1 (2) x3=1 (3) 1 x1=1
2. X2=1,{

\,."

x4=1 (3)

3. X3=1, {x4,x5,x6}

Conflictingvariable: x7
Conflictingclause: c5

c2 c3
x6=1 (3) x5=1 (3) Candidate learnt clauses:
- any cut between the decisions and the
w conflict
c5 c4 - (=x6 v =x5), (-x1 v -~x4), etc.
x7=0 (3) x7=1 (3)

conflict
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Conflict analysis

cl (-x2 v =x3 Vv x4) cZ (-x1 v —x4 v X6) c3 (-x4 v x5)
c4: (-x5 v X7) C5: (-X6 v =X7)
Decisions, BUP:
1=1(1 = = ’ '
X (1) x2=1 (2) x3=1 (3) 1 x1=1
\ / 2. X2=1,{
c1 3. X3=1, {x4,x5,x6}
x4=1 (3)
Conflictingvariable: x7
; /\ . (~x1 ch_'x 4) Conflictingclause: ¢5
x6=1 (3) x5=1 (3) T FirstUniguelmplication point:
(=x4 v =x6) : becomesunit-clauseafter
c3 backjumpingOnlyone literal of current
c5 c4 T decisionlevel
x7=0 (3) x7=1 (3) (=X5 v —X6)
conflict c4, c5

Backjumping: level 1.
1. x1=1, {-x4}
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Activity-based heuristics

A [Moskewiczet al. 2001] cl: (-x2 v -x3 v X432 (-X1 v x4 v X6)

rVariable c3: (-x4 v X5)¢4: (X5 v X7)G5: (-X6 Vv —X7)
State Independent Decaying
Sum (VSIDS) decision heuristic:

. : e (—x1 v -x4)

i Each variable maintains a c2
counter that stores the number T
of times it was part of a clause (=x4 V =X6)
used during a backward c3
resolution process. T

I Updated during conflict (=x5 v =x6)
analysis. c4 o5

I Values of all counters are
periodically divided by a small
constant c>1: preference given
to recently deduced conflicts. 1 0 0 1 1 1 0

I Select free variable x with
maximum counter.



Microso ft:

Research

Activity-based heuristics

A [Moskewiczt al. 2001] Assuming learnt clauses:
cl (-x2 v =ax3 v X432 (-x1 v =x4 Vv X6)
i Updated during conflict €3 (-x4 v X3)e4: (=X5 V X7)6S. (=X6 v =X7)
I Each clause maintains a TCZ
counter that stores the
number of times it was used (~x4 v ~x6)
during a backward resolution T
process. (X5 v —x6)
I Values of all counters are
periodically divided by a small o4, €5

constant c>1: preference
given to recently deduced
clauses. o 1 1 1 1

I From time to time, remove
the 50% least actives clauses.
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Restart policy

[Gomes et al. 1998]
Motivation,

A In DFS, early wrong decisions are very expensive

heuristics are likely to be wrong there since they are poorly
Informed.

In modern SAT solvers,

A Knowledge is accumulated during conflict analysis: VSIDS
conflict-clauses.

-> Restart the search and focus on parts previously identified
as important.
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Architecture

(3) Generate

1) Literal :
(1) conflictclause
(4) conflictclause
Decisions ]
— - Conflict analysis
(VSIDS) (5) Activity ~

Backtrack friendly

(6) Conflict
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(4) Conflictclause

(2) Implication graph

40
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DPLL(){

limit = c;

Algorithm

while (true X

19 January 2009

while (#conflicts < limit){
lit = decide();
(M) return  SAT,
it ('BUP(lit)){

cl = conflict - analysis();

T (" cl) return  UNSAT,;
#conflicts++;

}
}

undoDecisions  ();
increase(limit);

Parallel SAT Solvinyoussef Hamadi, MSR
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PARALLEL SAT SOLVING
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Why should we move to Parallel SAT"

A State of the art sequential algorithm looks difficult to improve
(minor improvements, no orders of magnitude).

A SAT is applied to larger and more ambitious problems which
cannot be solved in reasonable time.
I ~90% of the industrial problems solved in less than 15min.
I ~10% of the industrial problems solved in more than 1h.

A SAT is used in other formalisms,
I Quantified Boolean Formulae
I Satisfiability Modulo Theory
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Why should we move to Parallel SAT"

A Architectural shift:

I Supercomputers
Aat I N> £tfESEAayYy Aa
theA future and always will
0SXE
ia[ 26 0O02a0¢é
supercomputers:

A Network of standards
PCs, aka&heowulf
machines

19 January 2009 Parallel SAT Solviayoussef Hamadi, MSR 46



